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THE BOCHNER-TYPE FORMULA AND THE FIRST EIGENVALUE OF
THE SUB-LAPLACIAN ON A CONTACT RIEMANNIAN MANIFOLD
FEIFAN WU AND WEI WANG
Abstract. Contact Riemannian manifolds, with not necessarily integrable complex structures,
are the generalization of pseudohermitian manifolds in CR geometry. The Tanaka-Webster-
Tanno connection on such a manifold plays the role of Tanaka-Webster connection in the pseu-
dohermitian case. We prove the contact Riemannian version of the pseudohermitian Bochner-
type formula, and generalize the CR Lichnerowicz theorem about the sharp lower bound for the
first nonzero eigenvalue of the sub-Laplacian to the contact Riemannnian case.
1. Introduction
Lichnerowicz [20] obtained a sharp lower bound for the first eigenvalue of the Laplacian-
Beltrami operator on a compact Riemannian manifold with a lower Ricci bound, and Obata
[22] characterized the case of equality. On a pseudohermitian manifold, the sub-Laplacian is the
counterpart of the Laplacian-Beltrami operator. The CR analogue of the Lichnerowicz theorem
states that for a (2n + 1)-dimensional pseudohermitian manifold, n ≥ 3, satisfying
Ric(X,X) +
n+ 1
2
Tor(X,X)≥κh(X,X), (1.1)
the first nonzero eigenvalue of the sub-Laplacian is greater than or equal to nκ/(n + 1). This
result was first proved by Greenleaf [13]. But due to a mistake in calculation pointed out in [6]
and [12], the coefficient n+12 in (1.1) was mistaken to be
n
2 . The corresponding results for n = 2
and n = 1 were obtained later in [18] and [8], respectively. The CR Obata-type theorem was
conjectured in [6], which states that if nκ/(n + 1) is an eigenvalue of the sub-Laplacian on a
pseudohermitian manifold, then it is the standard CR structure on the unit sphere in Cn+1. This
is proved under some additional conditions (cf. [6], [7], [16] and references therein) and without
conditions in [19]. There is also a quaternionic contact version of Lichnerowicz theorem [14] (see
e.g. [3], [15] and [29] for the quaternionic contact manifolds). In this paper, we generalize the
CR Lichnerowiecz theorem to the contact Riemannian case.
A (2n+1)-dimensional manifoldM is called a contact manifold if it has a real 1-form θ, called
a contact form, such that θ∧dθn 6= 0 everywhere on M . There exists a unique vector field T ,
the Reeb vector field, such that θ(T ) = 1 and Tydθ = 0. It is well known that given a contact
manifold (M,θ), there are a Riemannian metric h and a (1, 1)-tensor field J on M such that
h(X,T ) = θ(X),
J2 = −Id+ θ ⊗ T,
dθ(X,Y ) = h(X,JY ),
(1.2)
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for any vector fields X and Y (cf. p. 278 in [4]). We call J an almost complex structure. Once
h is fixed, J is uniquely determined. (M,θ, h, J) is called a contact Riemannian manifold.
Let TM be the tangent bundle and CTM be its complexification. Denote HM := Ker(θ),
the horizontal subbundle. CHM has a unique subbundle T (1,0)M such that JX = iX for any
X ∈ Γ(T (1,0)M). Here and in the following, Γ(S) denotes the space of all sections of a vector
bundle S. Set T (0,1)M = T (1,0)M . For any X ∈ Γ(T (0,1)M), we have JX = −iX. J is called
integrable if
[
Γ(T (1,0)M),Γ(T (1,0)M)
]
⊂Γ(T (1,0)M). In particular if J is integrable, J is called a
CR structure and (M,θ, h, J) is called a pseudohermitian manifold. On a contact Riemannian
manifold there exists a distinguished connection introduced in [28], called the Tanaka-Webster-
Tanno connection (or TWT connection briefly). In the pseudohermitian case, this connection is
exactly the Tanaka-Webster connection. The Tanno tensor is defined as Q = ∇J . J is integrable
if and only if the Tanno tensor Q ≡ 0 (cf. Proposition 2.1 in [28]). We can also define the sub-
Laplacian operator ∆b. Since there is no obstruction to the existence of the almost complex
structure J , contact Riemannian structures exist naturally on any contact manifold and analysis
on it has potential applications to the geometry of contact manifolds (cf. [2], [24] and [25] and
references therein).
Since the Tanno tensor Q is a (1,2)-tensor, QX := Q(X, ·) and ∇Q(X,X) are (1,1)-tensors.
Define invariants of contact Riemannian structures:
Q1(X,X) = −2Re
(
i·trace
{
Y−→∇YQ(X,X)
})
,
Q2(X,X) = 〈QX , QX¯〉,
Q3(X,X) = trace
{
Y−→QX◦QX¯(Y )
}
,
(1.3)
where 〈·, ·〉 is the inner product on (1, 1)-tensor induced by h, and
Tor(X,X) = 2Re
(
ih(τ∗X,X)
)
, (1.4)
for any X ∈ T (1,0)M , where τ∗ is the Webster torsion defined as τ∗(X) = τ(T,X), X ∈ TM.
Let ∇u be the gradient of u with respect to the metric h, i.e., h(∇u,X) = Xu for any
X ∈ Γ(TM). Set ∇Hu = piH∇u, where piH is the orthogonal projection to HM . And ∂bu is the
orthogonal projection of ∇Hu to T
(1,0)M . Our main result is as follows.
Theorem 1.1. On a (2n + 1)-dimensional contact Riemannian manifold, n ≥ 2, we have the
contact Riemannian Bochner-type formula
∆b(‖∂bu‖
2) = 2‖∇2u‖2 − 4∇2u(T, J∇Hu)− 2nTor(∂bu, ∂bu) + 2Ric
(
∂bu, ∂bu
)
+ h
(
∇Hu,∇H(∆bu)
)
+Q1(∂bu, ∂bu)−
1
2
Q2(∂bu, ∂bu),
(1.5)
for any u∈C∞0 (M).
Theorem 1.2. Suppose that on a compact (2n+1)-dimensional contact Riemannian manifold,
n ≥ 2, there exists some positive constant κ such that
Ric(X,X)−(n+1)Tor(X,X)+
1
2
Q1(X,X)−
2n+ 7
8(n − 1)
Q2(X,X)+
3
2(n − 1)
Q3(X,X)≥κh(X,X),
(1.6)
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for any X ∈ T (1,0)M , where Ric is the Ricci tensor. Then the first nonzero eigenvalue λ1 of ∆b
satisfies
λ1 ≥
κn
n+ 1
.
Note that the coefficients of Tor in (1.5) and (1.6) are different from that (1.1) by a factor
−2 (cf. [10] and [19]) . This is because that in our definition (1.2), dθ(X,Y ) = h(X,JY ),
while in psuedohermitian case, people usually use dθ(X,Y ) = 2h(JX, Y ) = −2h(X,JY ). When
Q ≡ 0, Theorem 1.1 and 1.2 coincide with the CR Bochner-type formula and CR Lichnerowiecz
theorem, respectively (see e.g. [6], [10], [12], [13], [19]). It is quite interesting to characterize the
equality case of (1.6).
In Section 2, we introduce some basic preliminaries, including the TWT connection, the
torsion tensor, the curvature tensor and the Tanno tensor. If we choose an orthonormal T (1,0)M
frame, there are some simpler relations for the connection coefficients, the Tanno tensor and the
structure equations, which will make our calculation easier.
When given an orthonormal T (1,0)M frame, we have Γγ¯αβ = −
i
2Q
γ¯
βα, which vanish in the
pseudohermitian case. But in the general case, it may not always vanish. Therefore there
exists extra terms involving such connection coefficients in our formulae, e.g. the Bochner-type
formula and various integral identities, which will make our calculation more complicated than
the pseudohermitian case. The main difficulties of generalizing results to the contact Riemannian
case come from handling such extra terms.
In section 3, we introduce the second- and third-order covariant derivatives and their com-
mutation formulae with respect to an orthonormal T (1,0)M frame. In Section 4, we prove the
Bochner-type formula on a contact Riemannian manifold. This formula differs from the pseudo-
hermitian case by terms involving the Tanno tensor. And it coincides with the CR Bochner-type
formula (cf. e.g. Proposition 9.5 in [10] or Theorem 6 in [19]) when the almost complex structure
J is integrable. Similarly to pseudohermitian case, the term ∇2u(T, J∇Hu) in the Bochner-type
formula can be controlled by using two integral identities. But here, in one identity, we have
to use another identity to handle extra terms depending on the Tanno tensor Q. It is done in
Section 5. In Section 6, with the preparation above, we prove the main Theorem 1.2.
2. Connection coefficients, torsions and curvatures on contact Riemannian
manifolds
2.1. TWT connection, the Tanno tensor and the orthonormal T (1,0)M frame.
Proposition 2.1. (cf. (7)-(10) in [4]) On a contact Riemannian manifold (M,θ, h, J), there
exists a unique linear connection such that
∇θ = 0, ∇T = 0,
∇h = 0,
τ(X,Y ) = 2dθ(X,Y )T, X, Y ∈ Γ(HM),
τ(T, JZ) = −Jτ(T,Z), Z ∈ Γ(TM),
(2.1)
where τ is the torsion of ∇.
∇ is called the TWT connection. The Tanno tensor Q (cf. (10) in [10]) is defined as
Q(X,Y ) := (∇Y J)X, for X, Y ∈ Γ(TM). (2.2)
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We extend h, J and ∇ to the complexified tangent bundle by C-linear extension:
h(X1 + iY1,X2 + iY2) := h(X1,X2)− h(Y1, Y2) + i
(
h(X1, Y2) + h(X2, Y1)
)
,
J(X1 + iY1) := JX1 + iJY1,
∇(X1+iY1)(X2 + iY2) := ∇X1X2 −∇Y1Y2 + i
(
∇X1Y2 +∇Y1X2
)
.
for any Zj = Xj + iYj ∈ CTM , j = 1, 2.
Proposition 2.2. Let W0 := T , the Reeb vector. We can choose a local T
(1,0)M -frame {Wj} =
{Wa,W0} = {Wα,Wα¯, T} with Wα ∈ T
(1,0)M , Wα¯ = Wα∈T
(0,1)M on a neighborhood U such
that
hαβ¯ = δαβ¯ ; hα¯β = δα¯β = δαβ¯ ; hαβ = 0.
We call this frame an orthonormal T (1,0)M -frame.
Proof. Note that (1.2) leads to
JT = 0, θ(JX) = 0,
h(X,Y ) = h(JX, JY ) + θ(X)θ(Y ), dθ(X,JY ) = −dθ(JX, Y ),
(2.3)
for any X,Y ∈ TM (cf. p. 351 in [28]). Choose a vector field X1 in Γ(HM) such that
h(X1,X1) =
1
2 and let Xn+1 := JX1. Then h(X1,Xn+1) = h(X1, JX1) = dθ(X1,X1) = 0, i.e.
Xn+1 is automatically orthogonal to X1, and by third identity in (2.3), we get h(Xn+1,Xn+1) =
h(JX1, JX1) = h(X1,X1) =
1
2 . We choose X2 orthogonal to span{X1, JX1}, and define
Xn+2 := JX2. Repeating the procedure, we find a local orthogonal basis X1, · · · ,X2n with
h(Xa,Xb) =
1
2δab and JXα = Xα+n. Now define
Wα := Xα − iXα+n, Wα¯ :=Wα. (2.4)
It is direct to see that JWα = iWα and JWα¯ = −iWα¯. Namely, Wα ∈ T
(1,0)M and Wα¯ ∈
T (0,1)M . Then by Remark 2.1 for the complex extension we get h(Wα,Wβ) = h(Xα−iXα+n,Xβ−
iXβ+n) = 0, hα¯β¯ = 0 and h(Wα,Wβ¯) = δαβ¯ , hα¯β = δα¯β = δαβ¯ . 
Remark 2.1. (1) For the multi-index, we adopt the following index conventions in this paper.
α, β, γ, ρ, λ, µ, · · · ∈ {1, · · · , n}, a, b, c, d, e, · · · ∈ {1, 2, · · · , 2n},
j, k, l, r, s, · · · ∈ {0, 1, · · · , 2n}, α¯ = α+ n.
(2) In this paper, the Einstein summation convention will be used. Moreover, if indices α
and α¯ both appear in low (or upper) indices, then the index α will be taken summation, e.g.
hαα¯ =
∑
α
hαα¯.
From now on, we choose a local orthonormal T (1,0)M -frame {Wj}. In particular, by (1.2),
h(T,Wa) = h(Wa, T ) = θ(Wa) = 0 and h(T, T ) = θ(T ) = 1. We denote hab = h(Wa,Wb) and
use hab and its inverse matrix to lower and raise indices. Let {θ
β, θβ¯, θ} denote the dual coframe
to {Wα,Wα¯, T}, i.e., θ
β(Wα) = δ
β
α, θβ(Wα¯) = θ
β(T ) = 0, θβ¯ := θβ, and θ(Wα) = θ(Wα¯) = 0,
θ(T ) = 1. Set θ0 := θ. The connection 1-form with respect to {Wj} is given by ∇Wj = ω
k
j ⊗Wk,
and set ωkj := Γ
k
ijθ
i, i.e. ∇WiWj = Γ
k
ijWk. By (2.1), we get θ(∇X) = h(∇X,T ) = d(h(X,T )) −
h(X,∇T ) = 0 for any X ∈ TM , namely Γ0ij = 0. And ∇T = 0 implies Γ
k
i0 = 0.
By the dual argument, we have
∇Wiθ
k = −Γkijθ
j.
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And for any (r, s)-tensor ϕ with components ϕk1···krj1···js = ϕ(θ
k1 , · · · , θkr ,Wj1 , · · · ,Wjs), co-
variant derivatives of ϕ are given by
ϕk1···krj1···js,i =Wi(ϕ
k1···kr
j1···js
) +
r∑
t=1
Γktil ϕ
k1···l···kr
j1···js
−
s∑
t=1
Γlijtϕ
k1···kr
j1···l···js
. (2.5)
Denote the components of the almost complex structure J by J lj. We write Q(Wj ,Wk) =
(∇WkJ)Wj = Q
l
jkWl. Equivalently, Q
l
jk := J
l
j,k. Applying (2.5), we have
Qljk =WkJ
l
j + Γ
l
ksJ
s
j − Γ
s
kjJ
l
s,
Qljk,s =WsQ
l
jk − Γ
r
sjQ
l
rk − Γ
r
skQ
l
jr + Γ
l
srQ
r
jk.
(2.6)
Proposition 2.3. (cf. (16)-(18) in [4]) With respect to a local T (1,0)-frame {Wj}, the compo-
nents of tensor Q has the following property:
Qγβα = 0, Γ
γ
αβ¯
= 0, Qγ
β¯α
= 0, Qγ¯
β¯α
= 0, Γγ¯αβ = −
i
2
Qγ¯βα,
Γ0αβ¯ = 0, Γ
0
αβ = 0, Γ
γ
α0 = 0, Γ
γ¯
α0 = 0 Γ
γ¯
0β = 0, Γ
0
0β = 0,
Qk0j = 0, Q
k
i0 = 0, Q
0
ij = 0.
(2.7)
In particular, only the components Qγ¯βα of tensor Q are non-vanishing. In (2.7), Q
k
0j = 0
follows from Qk0jWk = Q(T,Wj) = (∇WjJ)T = ∇Wj(JT ) − J∇WjT ≡ 0 by (2.1) and (2.3) for
any Wj. And Q
k
i0 = 0 follows from setting X =Wi, Y = T , Z =Wl in identity (cf. (15) in [4]):
2h(Q(X,Y ), Z) = h(N (1)(X,Z)− θ(X)N (1)(T,Z) + θ(Z)N (1)(X,T ), JY ), (2.8)
for any X,Y,Z ∈ TM , where
N (1) = [J, J ] + 2(dθ)⊗ T, [J, J ](X,Y ) = J2[X,Y ] + [JX, JY ]− J [JX, Y ]− J [X,JY ],
to get Qki0hkl ≡ 0 by JT ≡ 0 in (2.3). For Q
0
ij = 0, since we already have Q
0
i0 = Q
0
0j = 0,
it remains to prove Q0ab = 0. This follows from Q
0
ab = θ
(
Q(Wa,Wb)
)
= θ
(
(∇WbJ)Wa
)
=
h(T, (∇WbJ)Wa) = h(T,∇Wb(JWa))− h(T, J∇WbWa) = θ
(
∇Wb(JWa)
)
− θ(J∇WbWa) = 0 by
Wa, Wb being horizontal.
Remark 2.2. In pseudohermitian case, Γγ¯αβ = 0 by the Tanaka-Webster connection preserving
T (1,0)M . But in general case, Γγ¯αβ = −
i
2Q
γ¯
βα may not vanish.
Recall that only the components Qγ¯βα of tensor Q are non-vanishing. So by definition (1.3),
with respect to a local orthonormal T (1,0)-frame {Wj}, we have
Q1(X,X) = −2Re
(
i·trace
{
Wj−→∇WjQ(X,X)
})
= −2Re
(
iQjαβ,jX
αXβ
)
= −2Re
(
iQγ¯αβ,γ¯X
αXβ
)
= i
(
Qγ
α¯β¯,γ
Xα¯X β¯ −Qγ¯αβ,γ¯X
αXβ
)
,
Q2(X,X) = hijh
klQiαkQ
j
β¯l
XαX β¯ = hλρ¯h
γµ¯Qρ¯αγQ
λ
β¯µ¯X
αX β¯ = Qρ¯αγQ
ρ
β¯γ¯
XαX β¯ ,
Q3(X,X) = trace
{
Wj−→QWα◦QWβ¯(Wj)X
αX β¯
}
= trace
{
Wj−→Q
i
β¯jQWα(Wi)X
αX β¯
}
= QjαiQ
i
β¯jX
αX β¯ = Qγ¯αρQ
ρ
β¯γ¯
XαX β¯ ,
(2.9)
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for any X = XαWα ∈ T
(1,0)M . According to (2.6) and Γγ
αβ¯
= 0 in (2.7), we get the components
Qγ¯αβ,ρ¯ =Wρ¯Q
γ¯
αβ −Γ
e
ρ¯αQ
γ¯
eβ −Γ
e
ρ¯βQ
γ¯
αe+Γ
γ¯
ρ¯eQ
e
αγ =Wρ¯Q
γ¯
αβ −Γ
µ
ρ¯αQ
γ¯
µβ −Γ
µ
ρ¯βQ
γ¯
αµ+Γ
γ¯
ρ¯µ¯Q
µ¯
αβ, (2.10)
of tensor ∇Q.
Proposition 2.4. With respect to a local orthonormal T (1,0)M -frame {Wj}, we have
Γγαβ = −Γ
β¯
αγ¯ , Γ
γ¯
αβ = −Γ
β¯
αγ ,
Qγ¯βα = −Q
β¯
γα, Q
γ¯
αβ,ρ¯ = −Q
α¯
γβ,ρ¯,
Qγ¯αβ = Q
β¯
αγ −Q
β¯
γα,
(2.11)
and their conjugation.
Proof. By (2.7) and Proposition 2.2, we have
Γγαβ = Γ
ρ
αβδργ¯ = h(∇WαWβ ,Wγ¯) =Wα(hβγ¯)− h(Wβ,∇WαWγ¯) = −hβµ¯Γ
µ¯
αγ¯ = −Γ
β¯
αγ¯ .
Γγ¯αβ = −Γ
β¯
αγ follows similarly. Then we get Q
γ¯
βα = 2iΓ
γ¯
αβ = −2iΓ
β¯
αγ = −Q
β¯
γα by (2.7). The
fourth identity in (2.11) follows from this identity.
For the last identity in (2.11), setting X =Wα, Y =Wβ, Z =Wγ in (2.8), we get
2h(Q(Wα,Wβ),Wγ) = h([J, J ](Wα,Wγ), JWβ)
= ih(J2[Wα,Wγ ] + [JWα, JWγ ]− J [JWα,Wγ ]− J [Wα, JWγ ],Wβ)
= −2ih([Wα,Wγ ],Wβ) + 2h(J [Wα,Wγ ],Wβ) = −4ih([Wα,Wγ ],Wβ).
By the definition of the torsion tensor and (2.7), the T (0,1)M -components of [Wα,Wγ ] is given
by
[Wα,Wγ ] = ∇WαWγ −∇WγWα − τ(Wα,Wγ) = Γ
ρ¯
αγWρ¯ − Γ
ρ¯
γαWρ¯
= −
i
2
Qρ¯γαWρ¯ +
i
2
Qρ¯αγWρ¯ mod Wρ, T. (2.12)
Therefore, we get
2Qµ¯αβhγµ¯ = 2h(Q(Wα,Wβ),Wγ) = −4ih([Wα,Wγ ],Wβ) = −2Q
ρ¯
γαhβρ¯ + 2Q
ρ¯
αγhβρ¯.
The last identity of (2.11) holds. 
2.2. The Webster torsion, the curvature tensor and the structure equations.
Lemma 2.1. (cf. Lemma 1 in [4]) The Webster torsion has following properties:
τ∗(T ) = 0; τ∗T(1,0)M⊆T(0,1)M ; τ∗T(0,1)M⊆T(1,0)M.
By Lemma 2.1, we can write τ∗(Wα) = A
β¯
αWβ¯. Set τ
α := Aα
β¯
θβ¯. So by (1.4), with respect to
{Wj}, we have
Tor(X,X) = 2Re
(
iAαβX
αXβ
)
= iAαβX
αXβ − iAα¯β¯X
α¯X β¯ , (2.13)
for any X = XαWα ∈ T
(1,0)M .
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The components R sj kl of the curvature tensor R(X,Y ) = ∇X∇Y −∇Y∇X −∇[X,Y ] is given
by R(Wk,Wl)Wj = R
s
j klWs. The Ricci tensor is given by
Ric(Y,Z) = trace{X −→ R(X,Z)Y },
for any X,Y,Z ∈ TM (cf. p. 299 in [4]). And the scalar curvature is R = trace(Ric). With
respect to a T (1,0)M -frame, Rαβ¯ = R
γ
α γβ¯
(cf. (53) in [4]). The scalar curvature is R = hαβ¯Rαβ¯.
Proposition 2.5. (cf. (13), (14) and (39) in [4]) With respect to a local orthonormal T (1,0)M -
frame {Wj}, we have the following structure equations:
dθ = −2ihαβ¯θ
α ∧ θβ¯ = −2iθα ∧ θα¯,
dθα = θb ∧ ωαb + θ ∧ τ
α = θb ∧ ωαb +A
α
β¯θ ∧ θ
β¯,
dωba − ω
c
a ∧ ω
b
c = R
b
a λµ¯θ
λ ∧ θµ¯ +
1
2
R ba λµθ
λ ∧ θµ +
1
2
R ba λ¯µ¯θ
λ¯ ∧ θµ¯ +R ba 0µ¯θ ∧ θ
µ¯ −R ba λ0θ ∧ θ
λ
R(X,Y )Wa = 2
(
dωba − ω
c
a ∧ ω
b
c
)
(X,Y )Wb.
(2.14)
Here following [4] we use the following definition for exterior product and exterior derivatives
φ ∧ ψ(X,Y ) =
1
2
(
φ(X)ψ(Y )− ψ(X)φ(Y )
)
,
2(dφ)(X,Y ) = X(φ(Y ))− Y (φ(X)) − φ([X,Y ]) = (∇Xφ)Y − (∇Y φ)X + φ(τ(X,Y )),
(2.15)
for any 1-form φ and ψ. The second identity in (2.14) follows from the orthonormality of {Wa}.
Corollary 2.1. With respect to a local orthonormal T (1,0)M -frame {Wj}, set Jab = hacJ
c
b. We
have
R ba cd =WcΓ
b
da −WdΓ
b
ca − Γ
e
cdΓ
b
ea + Γ
e
dcΓ
b
ea − Γ
e
caΓ
b
de + Γ
e
daΓ
b
ce + 2Γ
b
0aJcd. (2.16)
Proof. Note that h(Wa, JWb) = h(Wa, J
c
bWc) = hacJ
c
b = Jab. By (2.1) and the last identity in
(2.14), we have
R ba cd = 2(dω
b
a)(Wc,Wd)− 2ω
e
a ∧ ω
b
e(Wc,Wd)
= (∇Wcω
b
a)(Wd)− (∇Wdω
b
a)(Wc) + ω
b
a(τ(Wc,Wd))− Γ
e
caΓ
b
de + Γ
e
daΓ
b
ce
=WcΓ
b
da −WdΓ
b
ca − ω
b
a(∇WcWd) + ω
b
a(∇WdWc) + ω
b
a(2h(Wc, JWd)T )− Γ
e
caΓ
b
de + Γ
e
daΓ
b
ce
=WcΓ
b
da −WdΓ
b
ca − Γ
e
cdΓ
b
ea + Γ
e
dcΓ
b
ea − Γ
e
caΓ
b
de + Γ
e
daΓ
b
ce + 2Γ
b
0aJcd.

Proposition 2.6. For the components of the curvature tensor, we have the following commu-
tation relations:
Rαβ¯γµ¯ = −Rαβ¯µ¯γ , Rαβ¯γµ¯ = −Rβ¯αγµ¯, Rαβ¯γµ¯ = Rγβ¯αµ¯, (2.17)
and their conjugation with respect to a local orthonormal T (1,0)M -frame {Wj}.
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Proof. The first identity in (2.17) follows directly by the definition of the curvature tensor. For
the last one in (2.17), we refer to Corollary 1 in [4]. For the second identity in (2.17), note that
∇h = 0 implies Xh(Y,Z) = h(∇XY,Z) + h(Y,∇XZ) and hab are constants. Then
Rαβ¯γµ¯ = h
(
∇Wγ∇Wµ¯Wα −∇Wµ¯∇WγWα −∇[Wγ ,Wµ¯]Wα,Wβ¯
)
=Wγ
(
h
(
∇Wµ¯Wα,Wβ¯
))
− h
(
∇Wµ¯Wα,∇WγWβ¯
)
−Wµ¯
(
h
(
∇WγWα,Wβ¯
))
+ h
(
∇WγWα,∇Wµ¯Wβ¯
)
− [Wγ ,Wµ¯]
(
h(Wα,Wβ¯)
)
+ h(Wα,∇[Wγ ,Wµ¯]Wβ¯)
=WγWµ¯
(
hαβ¯
)
−Wγ
(
h(Wα,∇Wµ¯Wβ¯)
)
−Wµ¯
(
h(Wα,∇WγWβ¯)
)
+ h(Wα,∇Wµ¯∇WγWβ¯)−Wµ¯Wγ
(
hαβ¯
)
+Wµ¯
(
h(Wα,∇WγWβ¯)
)
+Wγ
(
h(Wα,∇Wµ¯Wβ¯)
)
− h(Wα,∇Wγ∇Wµ¯Wβ¯)− [Wγ ,Wµ¯]
(
hαβ¯
)
+ h(Wα,∇[Wγ ,Wµ¯]Wβ¯)
= h(Wα,∇Wµ¯∇WγWβ¯)− h(Wα,∇Wγ∇Wµ¯Wβ¯) + h(Wα,∇[Wγ ,Wµ¯]Wβ¯) = −Rβ¯αγµ¯.

Remark 2.3. By Remark 2.1 for the complex extension, it’s easy to see that under the complex
conjugation, the Riemannian metric h, the almost complex structure J , the TWT connection
∇, the torsion tensor A, the curvature tensor R and the Tanno tensor Q are preserved, i.e.,
h(Z1, Z2) = h(Z1, Z2), JZ1 = JZ1, ∇Z1Z2 = ∇Z1Z2,
τ(Z1, Z2) = τ(Z1, Z2), R(Z1, Z2)Z3 = R(Z1, Z2)Z3, Q(Z1, Z2) = Q(Z1, Z2),
for any Z1, Z2, Z3 ∈ CHM . The complex conjugation can be reflected in the indices of the
components of ωba, hab, J
b
a, Aab, Rabcd and their covariant derivatives, e.g.,
ωβ¯α = ω
β
α¯, J
β
α = J
β¯
α¯, hαβ¯ = hα¯β.
3. The second- and third-order covariant derivatives and their commutation
formulae
3.1. The second- and third-order covariant derivatives. The second-order covariant de-
rivative of u is defined as
∇2u(X,Y ) := X(Y u)− (∇XY )u, ujk := ∇
2u(Wj ,Wk), (3.1)
for any vector fields X, Y , and the third-order covariant derivative of u is defined as
∇3u(X,Y,Z) =
(
∇X∇
2u
)
(Y,Z) = X(∇2u(Y,Z))−∇2u(∇XY,Z)−∇
2u(Y,∇XZ),
ujkl := ∇
3u(Wj,Wk,Wl). (3.2)
for any vector fields X, Y , Z. By (3.1), for the second-order covariant derivative, we have
ujk = ∇
2u(Wj ,Wk) =WjWku− (∇WjWk)u =Wj(uk)− Γ
l
jkul.
In particular, by the vanishing of connection coefficients in (2.7) we get
uαλ = ∇
2u(Wα,Wλ) =Wα(uλ)− Γ
β
αλuβ − Γ
β¯
αλuβ¯ =Wα(uλ)− Γ
β
αλuβ +
i
2
Qβ¯λαuβ¯,
uαλ¯ =Wα(uλ¯)− Γ
β¯
αλ¯
uβ¯ ,
uα0 =Wα(u0), u0α = T (uα)− Γ
β
0αuβ.
(3.3)
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In the following, the vanishing of connection coefficients in (2.7), especially,
Γγ
αβ¯
= Γγ¯α¯β = 0,
will be used frequently. By (3.2), for the third-order covariant derivative, we have
uabc =Wa(ubc)− Γ
d
abudc − Γ
d
acubd.
In particular, by (2.7), we have
uαβγ =Wα(uβγ)− Γ
µ
αβuµγ − Γ
µ¯
αβuµ¯γ − Γ
µ
αγuβµ − Γ
µ¯
αγuβµ¯,
uα¯βγ =Wα¯(uβγ)− Γ
µ
α¯βuµγ − Γ
µ
α¯γuβµ,
uαβ¯γ =Wα(uβ¯γ)− Γ
µ¯
αβ¯
uµ¯γ − Γ
µ
αγuβ¯µ − Γ
µ¯
αγuβ¯µ¯,
uα¯β¯γ =Wα¯(uβ¯γ)− Γ
µ
α¯β¯
uµγ − Γ
µ¯
α¯β¯
uµ¯γ − Γ
µ
α¯γuβ¯µ.
(3.4)
Remark 3.1. (1) In (3.3) and (3.4), we have used Γ0ab = 0, Γ
γ
αβ¯
= 0 and Γγ¯αβ = −
i
2Q
γ¯
βα repeatedly.
(2) The complex conjugation can also be reflected in the indices of the components of any-
order covariant derivative of a real function u, e.g. uαβ = uα¯β¯, uαβ¯γ = uα¯βγ¯ .
3.2. The sub-Laplacian. On a contact Riemannian manifold M , with respect to a local
T (1,0)M -frame {Wj}, we define the sub-Laplacian operator as
∆bu = u
α
α + u
α¯
α¯,
for u ∈ C∞0 (M). Furthermore, if {Wj} is an orthonormal T
(1,0)M -frame, we have
∆bu = uαα¯ + uα¯α. (3.5)
For any functions u ∈ C∞0 (M) and v∈C
∞(M), we define the L2 inner product (·, ·) as
(u, v) =
∫
M
uv¯dV. (3.6)
For any vector field X, X∗ is called the formal adjoint of X if (Xu, v) = (u,X∗v) for u, v∈C∞0 M .
And ∆b is hypoelliptic and by a result of [21] has a discrete spectrum
0 < λ1 < λ2 < · · · < ↑ +∞.
Lemma 3.1. We have
W ∗α = −Wα¯ + Γ
α
β¯β , W
∗
α¯ = −Wα + Γ
α¯
ββ¯, (iT )
∗ = iT. (3.7)
Proof. By (2.14), we have
dθn = (−2iθα ∧ θα¯)n = (−2)ninn!θ1 ∧ θ1¯ ∧ · · · ∧ θn ∧ θn¯
= (−2)ninn!(−1)n(n−1)/2θ1 ∧ θ2 ∧ · · · ∧ θn ∧ θ1¯ ∧ · · · ∧ θn¯
= (−2)nin
2
n!θ1 ∧ θ2 ∧ · · · ∧ θn ∧ θ1¯ ∧ · · · ∧ θn¯.
So the volume form is
dV := θ∧dθn = (−2)nin
2
n!θ ∧ θ1 ∧ θ2 ∧ · · · ∧ θn ∧ θ1¯ ∧ · · · ∧ θn¯. (3.8)
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For any vector field X and u ∈ C∞0 (M), we get∫
M
XuvdV =
∫
M
vdu∧iXdV = −
∫
M
udv∧iXdV −
∫
M
uvd(iXdV ) +
∫
M
d(uviXdV )
= −
∫
M
uXvdV −
∫
M
uvd(iXdV ), (3.9)
by Stokes’ formula and 0 =
∫
M iX(vdu∧ dV ) =
∫
M vXudV −
∫
M vdu∧iXdV . It follows from the
structure equation (2.14) that
dθβ = θγ ∧ωβγ + θ
γ¯ ∧ωβγ¯ = Γ
β
µγθ
γ ∧ θµ+Γβµ¯γθ
γ ∧ θµ¯+Γβµγ¯θ
γ¯ ∧ θµ+Γβµ¯γ¯θ
γ¯ ∧ θµ¯, mod θ. (3.10)
Applying (3.8) and (3.10), we get
d(iWαdV ) = (−2)
nin
2
n!d
(
(−1)αθ ∧ θ1 ∧ · · · ∧ θ̂α ∧ · · · ∧ θn ∧ · · · ∧ θn¯
)
= (−1)α(−2)nin
2
n!
(∑
β<α
(−1)βθ ∧ θ1 ∧ · · · ∧ dθβ ∧ · · · ∧ θ̂α ∧ · · · ∧ θn ∧ · · · ∧ θn¯
+
∑
β>α
(−1)β−1θ ∧ θ1 ∧ · · · ∧ θ̂α · · · ∧ dθβ ∧ · · · ∧ θn ∧ · · · ∧ θn¯
+
n∑
β=1
(−1)n+β−1θ ∧ θ1 ∧ · · · ∧ θ̂α · · · ∧ θn ∧ · · · ∧ dθβ¯ ∧ · · · ∧ θn¯
)
= (−2)nin
2
n!
(
− Γβαβ + Γ
β
βα − Γ
β¯
αβ¯
+ Γβ¯
β¯α
)
θ ∧ θ1 ∧ · · · ∧ θn¯
=
(
− Γβαβ + Γ
β
βα − Γ
β¯
αβ¯
+ Γβ¯
β¯α
)
dV = ΓββαdV.
The last identity holds because Γβαβ+Γ
β¯
αβ¯
= 0 by (2.11) and Γβ¯
β¯α
= 0 by (2.7). For any u∈C∞0 (M)
and v∈C∞(M), apply (3.9) with X =Wα to get
(Wαu, v) =
∫
M
Wαuv¯dV = −
∫
M
uWαv¯dV −
∫
M
uv¯d(iWαdV ) =
∫
M
u
(
−Wαv¯ − Γ
β
βαv¯
)
dV
=
∫
M
u
(
−Wα¯v + Γαβ¯βv
)
dV =
(
u,
(
−Wα¯ + Γ
α
β¯β
)
v
)
, (3.11)
by Γββα = −Γ
α¯
ββ¯
in (2.11). The first identity in (3.7) holds. The second identity in (3.7) follows
from taking conjugation.
By the structure equation (2.14), dθα doesn’t contain θ ∧ θα terms and dθα¯ doesn’t contain
θ ∧ θα¯ terms. So
d(iT dV ) = (−2)
nin
2
n!d
(
θ1 ∧ θ2 ∧ · · · ∧ θn ∧ θ1¯ ∧ · · · ∧ θn¯
)
= 0. (3.12)
Apply (3.9) with X = T to get
(iTu, v) = i
∫
M
Tuv¯dV = −i
∫
M
uT v¯dV = (u, iTv).
(iT )∗ = iT follows. 
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Corollary 3.1. With respect to an orthonormal T (1,0)M -frame {Wj}, we have
(∆bu, v) = −
∑
α
(uα, vα) + (uα¯, vα¯),
for u∈C∞0 (M) and v∈C
∞(M)
Proof. By the definition of ∆b, we get
(∆bu, v) =
∑
α
(uα¯α + uαα¯, v) =
∑
α,β
(
Wα¯uα − Γ
β
α¯αuβ , v
)
+
(
Wαuα¯ − Γ
β¯
αα¯uβ¯, v
)
=
∑
α,β
(
uα,W
∗
α¯v
)
−
(
Γβα¯αuβ, v
)
+
(
uα¯,W
∗
αv
)
−
(
Γβ¯αα¯uβ¯ , v
)
= −
∑
α,β
(uα, vα) +
(
uα,Γ
α¯
ββ¯v
)
−
(
Γβα¯αuβ, v
)
− (uα¯, vα¯) +
(
uα¯,Γ
α
β¯βv
)
−
(
Γβ¯αα¯uβ¯, v
)
= −
∑
α
(uα, vα) + (uα¯, vα¯).

Corollary 3.2.
(∆bu)α = uαββ¯ + uαβ¯β. (3.13)
Proof. By (3.4) and Corollary 3.1, we get
uαββ¯+uαβ¯β =Wα(uββ¯)− Γ
µ
αβuµβ¯ − Γ
µ¯
αβuµ¯β¯ − Γ
µ¯
αβ¯
uβµ¯ +Wα(uβ¯β)− Γ
µ¯
αβ¯
uµ¯β − Γ
µ
αβuβ¯µ − Γ
µ¯
αβuβ¯µ¯
=Wα(uββ¯ + uβ¯β)−
(
Γµαβuµβ¯ + Γ
µ¯
αβ¯
uβµ¯
)
−
(
Γµ¯
αβ¯
uµ¯β + Γ
µ
αβuβ¯µ
)
−
(
Γµ¯αβuµ¯β¯ + Γ
µ¯
αβuβ¯µ¯
)
=Wα(uββ¯ + uβ¯β) = (∆bu)α,
by the first two identities in (2.11). 
3.3. The commutation formulae.
Proposition 3.1. For the second-order covariant derivatives of a function u, we have the fol-
lowing commutation formulae.
uij − uji = −τ(Wi,Wj)u.
Proof. By the definition (3.1), we get uij − uji = WiWju − ∇WiWju −WjWiu + ∇WjWiu =
−
(
∇WiWj −∇WjWi − [Wi,Wj ]
)
u = −τ(Wi,Wj)u. 
In particular, Proposition 3.1 and (2.1) implies that
uαβ¯ − uβ¯α = −τ(Wα,Wβ¯)u = −2dθ(Wα,Wβ¯)Tu = 2ihαβ¯u0,
uαβ = uβα,
u0α − uα0 = −τ(T,Wα) = −A
β¯
αuβ¯.
(3.14)
Following Proposition 9.2 and 9.3 in [4] in the pseudohermitian case, we call the relations between
the third-order covariant derivatives of functions uabc and uacb the inner commutation formulae
and the relations between uabc and ubac the outer commutation formulae.
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Proposition 3.2. (1) We have the inner commutation formulae
uα¯βγ = uα¯γβ ,
uαβ¯γ = uαγβ¯ − 2ihγβ¯uα0.
(3.15)
(2) We have the outer commutation formulae
uρ¯γα = uγρ¯α − 2ihγρ¯u0α + uβR
β
α γρ¯ +
i
2
Qβ¯αγ,ρ¯uβ¯,
uρ¯γ¯α = uγ¯ρ¯α + 2i
(
Aβγ¯hαρ¯ −A
β
ρ¯hαγ¯
)
uβ −
i
2
Qγ
ρ¯β¯,α
uβ −
1
4
Qµ¯αβQ
γ
ρ¯β¯
uµ¯.
(3.16)
Proof. (1) The first identity of (3.15) follows directly from the second identity in (3.4) and
uαβ = uβα in (3.14).
Taking conjugation of the fourth identity in (3.4), we get
uαγβ¯ =Wα(uγβ¯)− Γ
µ
αγuµβ¯ − Γ
µ¯
αγuµ¯β¯ − Γ
µ¯
αβ¯
uγµ¯.
So by (2.11), (3.4) and (3.14), we get
uαβ¯γ =Wα(uβ¯γ)− Γ
µ¯
αβ¯
uµ¯γ − Γ
µ
αγuβ¯µ − Γ
µ¯
αγuβ¯µ¯
=Wα
(
uγβ¯ − 2ihγβ¯u0
)
− Γµ¯
αβ¯
(
uγµ¯ − 2ihγµ¯u0
)
− Γµαγ
(
uµβ¯ − 2ihµβ¯u0
)
− Γµ¯αγuµ¯β¯
=Wα(uγβ¯)− Γ
µ
αγuµβ¯ − Γ
µ¯
αγuµ¯β¯ − Γ
µ¯
αβ¯
uγµ¯ − 2i
(
hγβ¯Wα(u0)− Γ
γ¯
αβ¯
u0 − Γ
β
αγu0
)
= uαγβ¯ − 2ihγβ¯uα0. (3.17)
The second identity of (3.15) is proved.
(2) For the first identity in (3.16), note that
duα = (Wβuα)θ
β + (Wβ¯uα)θ
β¯ + T (uα)θ
=
(
uβα + Γ
ρ
βαuρ −
i
2
Qρ¯αβuρ¯
)
θβ + (uβ¯α + Γ
ρ
β¯α
uρ)θ
β¯ + (u0α + Γ
ρ
0αuρ)θ
= uβαθ
β + uβ¯αθ
β¯ + u0αθ + uβω
β
α −
i
2
Qρ¯αβuρ¯θ
β
(3.18)
by using (3.3) and ωρα = Γ
ρ
βαθ
β +Γρ
β¯α
θβ¯ +Γρ0αθ. Taking exterior differentiation on both sides of
(3.18), we get
0 = duβα ∧ θ
β + duβ¯α ∧ θ
β¯ + du0α ∧ θ + uβαdθ
β + uβ¯αdθ
β¯ + u0αdθ
+ duβ ∧ ω
β
α + uβdω
β
α −
i
2
d(Qρ¯αβuρ¯)∧θ
β −
i
2
Qρ¯αβuρ¯dθ
β. (3.19)
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Note that
duβα =Wγ(uβα)θ
γ +Wγ¯(uβα)θ
γ¯ + T (uβα)θ,
ωβα = Γ
β
γαθ
γ + Γβγ¯αθ
γ¯ , mod θ,
dθβ = θγ ∧ ωβγ + θ
γ¯ ∧ ωβγ¯ = Γ
β
aγθ
γ ∧ θa + Γβaγ¯θ
γ¯ ∧ θa = Γβρ¯γθ
γ ∧ θρ¯ + Γβρ¯γ¯θ
γ¯ ∧ θρ¯, mod θ, θγ ∧ θρ,
dθβ¯ = θγ ∧ ωβ¯γ + θ
γ¯ ∧ ωβ¯γ¯ = Γ
β¯
aγθ
γ ∧ θa + Γβ¯aγ¯θ
γ¯ ∧ θa = −Γβ¯γρ¯θ
γ ∧ θρ¯ + Γβ¯ρ¯γ¯θ
γ¯ ∧ θρ¯, mod θ, θγ ∧ θρ,
dωβα = ω
µ
α ∧ ω
β
µ + ω
µ¯
α ∧ ω
β
µ¯ +R
β
α λµ¯θ
λ ∧ θµ¯ +
1
2
R β
α λ¯µ¯
θλ¯ ∧ θµ¯
= ΓµγαΓ
β
ρ¯µθ
γ ∧ θρ¯ + Γµγ¯αΓ
β
ρµθ
γ¯ ∧ θρ + Γµ¯γαΓ
β
ρ¯µ¯θ
γ ∧ θρ¯ +R βα γρ¯θ
γ ∧ θρ¯
+ Γµγ¯αΓ
β
ρ¯µθ
γ¯ ∧ θρ¯ +
1
2
R βα γ¯ρ¯θ
γ¯ ∧ θρ¯, mod θ, θγ ∧ θρ,
(3.20)
by (2.14) and Γγ
αβ¯
= 0 in (2.7). Substituting (3.20) to the corresponding terms in (3.19) and
comparing the coefficients of θγ ∧ θρ¯, we get
0 = −Wρ¯uγα +Wγuρ¯α + uβαΓ
β
ρ¯γ − uβ¯αΓ
β¯
γρ¯ − 2ihγρ¯u0α +Wγ(uβ)Γ
β
ρ¯α −Wρ¯(uβ)Γ
β
γα
+ uβ
(
R βα γρ¯ + Γ
µ
γαΓ
β
ρ¯µ − Γ
µ
ρ¯αΓ
β
γµ + Γ
µ¯
γαΓ
β
ρ¯µ¯
)
+
i
2
Wρ¯
(
Qβ¯αγuβ¯
)
−
i
2
Qµ¯αβuµ¯Γ
β
ρ¯γ
= −Wρ¯uγα +Wγuρ¯α + uβαΓ
β
ρ¯γ − uβ¯αΓ
β¯
γρ¯ − 2ihγρ¯u0α + uβR
β
α γρ¯
+
(
Wγ(uβ)Γ
β
ρ¯α − uµΓ
µ
γβΓ
β
ρ¯α +
i
2
uµ¯Q
µ¯
βγΓ
β
ρ¯α
)
−
i
2
uµ¯Q
µ¯
βγΓ
β
ρ¯α −
(
Wρ¯(uβ)Γ
β
γα − uµΓ
µ
ρ¯βΓ
β
γα
)
−
i
2
uβQ
µ¯
αγΓ
β
ρ¯µ¯ +
i
2
Wρ¯
(
Qβ¯αγuβ¯
)
−
i
2
Qµ¯αβuµ¯Γ
β
ρ¯γ . (3.21)
Substitute
Wγ(uβ)− Γ
µ
γβuµ +
i
2
Qµ¯βγuµ¯ = uγβ, Wρ¯(uβ)− Γ
µ
ρ¯βuµ = uρ¯β,
by (3.3), into two brackets in (3.21) to get
0 = −Wρ¯uγα +Wγuρ¯α + uβαΓ
β
ρ¯γ − uβ¯αΓ
β¯
γρ¯ − 2ihγρ¯u0α + uβR
β
α γρ¯ + uγβΓ
β
ρ¯α − uρ¯βΓ
β
γα
−
i
2
uβQ
µ¯
αγΓ
β
ρ¯µ¯ −
i
2
Qµ¯βγuµ¯Γ
β
ρ¯α +
i
2
Wρ¯(Q
β¯
αγ)uβ¯ +
i
2
Qβ¯αγ(Wρ¯uβ¯)−
i
2
Qµ¯αβuµ¯Γ
β
ρ¯γ
=
(
−Wρ¯uγα + Γ
β
ρ¯γuβα + Γ
β
ρ¯αuγβ
)
+
(
Wγuρ¯α − uβ¯αΓ
β¯
γρ¯ − uρ¯βΓ
β
γα +
i
2
Qµ¯αγuρ¯µ¯
)
−
i
2
Qµ¯αγuρ¯µ¯ − 2ihγρ¯u0α + uβR
β
α γρ¯ +
i
2
Qµ¯αγ
(
Wρ¯uµ¯ − Γ
β
ρ¯µ¯uβ − Γ
β¯
ρ¯µ¯uβ¯
)
+
i
2
(
Wρ¯Q
µ¯
αγ − Γ
β
ρ¯αQ
µ¯
βγ − Γ
β
ρ¯γQ
µ¯
αβ + Γ
µ¯
ρ¯β¯
Qβ¯αγ
)
uµ¯
= −uρ¯γα + uγρ¯α − 2ihγρ¯u0α + uβR
β
α γρ¯ +
i
2
Qµ¯αγ,ρ¯uµ¯,
by (2.10), (3.3) and (3.4). The first identity of (3.16) holds.
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To prove the second identity in (3.16), we consider the components of θγ¯ ∧ θρ¯ in (3.19) to get
0 =
(
Wγ¯uρ¯α + uβαΓ
β
ρ¯γ¯ + uβ¯αΓ
β¯
ρ¯γ¯ + uβΓ
µ
γ¯αΓ
β
ρ¯µ +
1
2
uβR
β
α γ¯ρ¯ +Wγ¯uβΓ
β
ρ¯α −
i
2
uµ¯Q
µ¯
αβΓ
β
ρ¯γ¯
)
θγ¯ ∧ θρ¯
=
(
Wγ¯uρ¯α − uβαΓ
β
γ¯ρ¯ − uβ¯αΓ
β¯
γ¯ρ¯ − uρ¯βΓ
β
γ¯α +
1
2
uβR
β
α γ¯ρ¯ −
i
2
uµ¯Q
µ¯
αβΓ
β
ρ¯γ¯
)
θγ¯ ∧ θρ¯
=
(
uγ¯ρ¯α +
1
2
uβR
β
α γ¯ρ¯ +
1
4
uµ¯Q
µ¯
αβQ
β
γ¯ρ¯
)
θγ¯ ∧ θρ¯,
by(
Wγ¯uβΓ
β
ρ¯α + uβΓ
µ
γ¯αΓ
β
ρ¯µ
)
θγ¯ ∧ θρ¯ =
(
−Wρ¯uβΓ
β
γ¯α + uµΓ
µ
ρ¯βΓ
β
γ¯α
)
θγ¯ ∧ θρ¯ = −uρ¯βΓ
β
γ¯αθ
γ¯ ∧ θρ¯,
by using (3.3). Equivalently, we have
0 = uγ¯ρ¯α − uρ¯γ¯α +
1
2
uβR
β
α γ¯ρ¯ −
1
2
uβR
β
α ρ¯γ¯ +
1
4
uµ¯Q
µ¯
αβ
(
Qβγ¯ρ¯ −Q
β
ρ¯γ¯
)
= uγ¯ρ¯α − uρ¯γ¯α + uβR
β
α γ¯ρ¯ +
1
4
Qµ¯αβQ
ρ
γ¯β¯
uµ¯ = uγ¯ρ¯α − uρ¯γ¯α + uβR
β
α γ¯ρ¯ −
1
4
Qµ¯αβQ
γ
ρ¯β¯
uµ¯,
by (2.11). This together with R βα γ¯ρ¯ = 2i(A
β
γ¯hαρ¯ − A
β
ρ¯hαγ¯) −
i
2h
βσ¯hλγ¯Q
λ
ρ¯σ¯,α (cf. (43) in [4])
implies the second identity in (3.16). 
Remark 3.2. Note that when Q ≡ 0, the commutative formulae (3.16) is the same as Proposition
9.2 in [4] in pseudohermitian case.
4. The Bochner-type formula
By definition, we have (∇Hu)
α = h(∇Hu,Wα¯) = Wα¯u = uα¯ for any u∈C
∞
0 (M). Thus
∇Hu = (∇Hu)
αWα + (∇Hu)
α¯Wα¯ = uα¯Wα + uαWα¯. Consequently, we have ∂bu = uα¯Wα and
‖∂bu‖
2 = ‖uλ¯Wλ‖
2 = uλuλ¯.
Theorem 4.1. Under an orthonormal T (1,0)M -frame, the Bochner-type formula holds in the
following form:
∆b(‖∂bu‖
2) = 2
(
uαλuα¯λ¯ + uαλ¯uα¯λ
)
+ 4i(uαu0α¯ − uα¯u0α)
+ 2ni(Aα¯β¯uαuβ −Aαβuα¯uβ¯) + 2Rαβ¯uα¯uβ + uα(∆bu)α¯ + uα¯(∆bu)α
+ i
(
Qγ
α¯β¯,γ
uαuβ −Q
γ¯
αβ,γ¯uα¯uβ¯
)
−
1
2
Qρ¯αγQ
ρ
β¯γ¯
uα¯uβ. (4.1)
To prove it, we need a lemma.
Lemma 4.1. For any u∈C∞0 (M),
∆b(‖∂bu‖
2) = S1 + S2, (4.2)
where S1 = 2
(
uαλuα¯λ¯ + uαλ¯uα¯λ
)
, S2 = uλ¯uαα¯λ + uλuαα¯λ¯ + uλuα¯αλ¯ + uλ¯uα¯αλ.
Proof. We claim that(
‖∂bu‖
2
)
αα¯
= uαλuα¯λ¯ + uαλ¯uα¯λ + uλ¯uαα¯λ + uλuαα¯λ¯. (4.3)
Then (4.2) follows directly by taking summation of (4.3) and its conjugation.
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By (2.11), we have
Γβαλuβuλ¯ + Γ
β¯
αλ¯
uλuβ¯ = −Γ
λ¯
αβ¯uβuλ¯ + Γ
β¯
αλ¯
uλuβ¯ = 0,
and Γβ¯αλuβ¯uλ¯ = −Γ
λ¯
αβuβ¯uλ¯ = −Γ
β¯
αλuβ¯uλ¯. Thus, Γ
β¯
αλuβ¯uλ¯ = 0. So by (3.3), we get
Wα
(
‖∂bu‖
2
)
=Wα(uλ)uλ¯ + uλWα(uλ¯)
=
(
uαλ + Γ
β
αλuβ + Γ
β¯
αλuβ¯
)
uλ¯ + uλ
(
uαλ¯ + Γ
β¯
αλ¯
uβ¯
)
= uαλuλ¯ + uλuαλ¯. (4.4)
Then taking conjugation of (4.4), we get Wα¯
(
‖∂bu‖
2
)
= uα¯λ¯uλ + uλ¯uα¯λ. So(
‖∂bu‖
2
)
αα¯
=WαWα¯(‖∂bu‖
2)− Γγ¯αα¯Wγ¯(‖∂bu‖
2)
=Wα
(
uα¯λ¯uλ + uλ¯uα¯λ
)
− Γγ¯αα¯
(
uγ¯λ¯uλ + uγ¯λuλ¯
)
=Wα(uλ)uα¯λ¯ +Wα(uλ¯)uα¯λ +
(
Wα(uα¯λ¯)− Γ
γ¯
αα¯uγ¯λ¯
)
uλ +
(
Wα(uα¯λ)− Γ
γ¯
αα¯uγ¯λ
)
uλ¯
=
(
uαλ + Γ
γ
αλuγ + Γ
γ¯
αλuγ¯
)
uα¯λ¯ +
(
uαλ¯ + Γ
γ¯
αλ¯
uγ¯
)
uα¯λ
+
(
uαα¯λ¯ + Γ
γ¯
αλ¯
uα¯γ¯
)
uλ +
(
uαα¯λ + Γ
γ
αλuα¯γ + Γ
γ¯
αλuα¯γ¯
)
uλ¯
= uαλuα¯λ¯ + uαλ¯uα¯λ + uλuαα¯λ¯ + uλ¯uαα¯λ
+
(
Γγαλuγuα¯λ¯ + Γ
γ¯
αλ¯
uλuα¯γ¯
)
+
(
Γγ¯αλuγ¯uα¯λ¯ + Γ
γ¯
αλuλ¯uα¯γ¯
)
+
(
Γγ¯
αλ¯
uγ¯uα¯λ + Γ
γ
αλuλ¯uα¯γ
)
,
where we have used (3.3) and (3.4). The result follows from
Γγαλuγuα¯λ¯ + Γ
γ¯
αλ¯
uλuα¯γ¯ = −Γ
λ¯
αγ¯uγuα¯λ¯ + Γ
γ¯
αλ¯
uλuα¯γ¯ = 0,
and similarly, Γγ¯αλuγ¯uα¯λ¯ + Γ
γ¯
αλuλ¯uα¯γ¯ = 0, Γ
γ¯
αλ¯
uγ¯uα¯λ + Γ
γ
αλuλ¯uα¯γ = 0 by (2.11). 
(4.2) coincides with (9.34) in [10] in the pseudohermitian case.
Proof of theorem4.1. Note that by (3.13), we have (∆bu)c = ucαα¯+ucα¯α. We hope to express
third-order covariant derivatives in (4.2) in terms of (∆bu)c. To do so, we apply inner and outer
commutation formulae to (4.2) to express uαα¯b and uα¯αb in terms of ubαα¯ and ubα¯α, respectively.
By (3.15), we have the following inner commutation formulae.
uαα¯λ = uαλα¯ − 2ihλα¯uα0, uαα¯λ¯ = uαλ¯α¯,
uα¯αλ¯ = uα¯λ¯α + 2ihαλ¯uα¯0, uα¯αλ = uα¯λα.
So S2 in (4.2) becomes
S2 = uλ¯(uαλα¯ − 2ihλα¯uα0) + uλuαλ¯α¯ + uλ(uα¯λ¯α + 2ihαλ¯uα¯0) + uλ¯uα¯λα
= uλ¯uαλα¯ + uλuαλ¯α¯ + uλuα¯λ¯α + uλ¯uα¯λα − 2iuα¯u0α + 2iuαu0α¯ − 2iA
β¯
αuα¯uβ¯ + 2iA
β
α¯uαuβ,
(4.5)
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by uα0 = u0α +A
β¯
αuβ¯ , uα¯0 = u0α¯ +A
β
α¯uβ in (3.14). The outer commutation formulae (3.16) for
ρ = α can be written as
uα¯λα = uλα¯α − 2iu0λ +Rλβ¯uβ −
i
2
Qα¯βλ,α¯uβ¯,
uα¯λ¯α = uλ¯α¯α + 2i(n − 1)A
β
λ¯
uβ +
i
2
Qαλ¯β¯,αuβ −
1
4
Qµ¯αβQ
λ
α¯β¯uµ¯.
(4.6)
by Qβ¯αλ,α¯ = −Q
α¯
βλ,α¯ in (2.11) and
R βα λα¯ = h
βµ¯Rαµ¯λα¯ = Rαβ¯λα¯ = Rβ¯αα¯λ = Rα¯αβ¯λ = Rαα¯λβ¯ = Rλα¯αβ¯ = R
α
λ αβ¯ = Rλβ¯, (4.7)
by using Proposition 2.6 repeatedly. Taking conjugation of (4.6) and noting that Rλ¯β = R
α¯
λ¯ α¯β
=
Rλ¯αα¯β = Rβλ¯ by (4.7), we get
uαλ¯α¯ = uλ¯αα¯ + 2iu0λ¯ +Rβλ¯uβ¯ +
i
2
Qαβ¯λ¯,αuβ,
uαλα¯ = uλαα¯ − 2i(n − 1)A
β¯
λuβ¯ −
i
2
Qα¯λβ,α¯uβ¯ −
1
4
Qλ¯αβQ
µ
α¯β¯
uµ.
(4.8)
Substitute (4.6) and (4.8) to (4.5) to get
S2 = uλ¯uλαα¯ − 2i(n − 1)A
β¯
λuλ¯uβ¯ −
i
2
Qα¯λβ,α¯uλ¯uβ¯ −
1
4
Qλ¯αβQ
µ
α¯β¯
uµuλ¯
+ uλuλ¯αα¯ + 2iuλu0λ¯ +Rβλ¯uλuβ¯ +
i
2
Qαβ¯λ¯,αuλuβ
+ uλuλ¯α¯α + 2i(n − 1)A
β
λ¯
uλuβ +
i
2
Qαλ¯β¯,αuλuβ −
1
4
Qµ¯αβQ
λ
α¯β¯uλuµ¯
+ uλ¯uλα¯α − 2iuλ¯u0λ +Rλβ¯uβuλ¯ −
i
2
Qα¯βλ,α¯uβ¯uλ¯
− 2iuα¯u0α + 2iuαu0α¯ − 2iA
β¯
αuα¯uβ¯ + 2iA
β
α¯uαuβ
= uλ(∆bu)λ¯ + uλ¯(∆bu)λ + 4i(uαu0α¯ − uα¯u0α) + 2ni(Aα¯β¯uαuβ −Aαβuα¯uβ¯) + 2Rαβ¯uα¯uβ
+ iQαλ¯β¯,αuλuβ − iQ
α¯
λβ,α¯uλ¯uβ¯ −
1
2
Qα¯µβQ
α
λ¯β¯uλuµ¯. (4.9)
The last identity follows from uλuλ¯αα¯+uλuλ¯α¯α = uλ(∆bu)λ¯ by (3.13), A
β¯
α = hγβ¯Aαγ = Aαβ and
Qγ¯βα = −Q
β¯
γα in (2.11). Substituting (4.9) to (4.2), we get (4.1).
Remark 4.1. When Q ≡ 0, the Bochner-type formula (4.1) is the same as the pseudohermitian
case (see (9.36) in [10] or Theorem 6 in [19]).
5. Two useful identities
We need the following lemma to handle the second bracket in the Bochner type formula (4.1).
Lemma 5.1. For any u ∈ C∞0 (M), we have∫
M
i(u0α¯uα − u0αuα¯)dV =
1
n
∫
M
(
uα¯βuαβ¯ − uαβuα¯β¯ −Rαβ¯uα¯uβ −
i
2
Qγ
α¯β¯,γ
uαuβ
+
i
2
Qγ¯αβ,γ¯uα¯uβ¯ −
1
2
Qρ¯αγQ
ρ
β¯γ¯
uα¯uβ +Q
ρ¯
αγQ
γ
β¯ρ¯
uα¯uβ
)
dV, (5.1)
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and∫
M
i(u0α¯uα−u0αuα¯)dV =
∫
M
(
−
2
n
∣∣∣∣∑
α
uαα¯
∣∣∣∣2+ 12n(∆bu)2+ iAαβuα¯uβ¯− iAα¯β¯uαuβ
)
dV. (5.2)
Remark 5.1. (5.1) and (5.2) are the same as the corresponding identities in the pseudohermitian
case when Q ≡ 0 (cf. Lemma 9.1 in [10] or Lemma 4 and Lemma 5 in [13]).
5.1. The Proof of (5.1). By definition we have∫
M
uαβuα¯β¯dV =
∑
α,β
(uαβ , uαβ) =
∑
α,β,γ
(
uαβ ,Wα(uβ)− Γ
γ
αβuγ − Γ
γ¯
αβuγ¯
)
=
∑
α,β
(
−Wα¯(uαβ) + Γ
α
γ¯γuαβ − Γ
β¯
α¯γ¯uαγ , uβ
)
−
(
Γβα¯γ¯uαγ , uβ¯
)
=
∑
α,β,γ
(
−Wα¯
(
Wα(uβ)− Γ
γ
αβuγ − Γ
γ¯
αβuγ¯
)
+ Γαγ¯γuαβ − Γ
β¯
α¯γ¯uαγ , uβ
)
−
(
Γβα¯γ¯uαγ , uβ¯
)
(5.3)
by (3.3) and Lemma 3.1. Apply [Wα¯,Wα] = ∇Wα¯Wα − ∇WαWα¯ − τ(Wα¯,Wα) = Γ
γ
α¯αWγ −
Γγ¯αα¯Wγ¯ − 2h(Wα¯, JWα)T = Γ
γ
α¯αWγ −Γ
γ¯
αα¯Wγ¯ − 2iδαα¯T to (5.3) to get that
∫
M uαβuα¯β¯dV equals
to
−
∑
α,β
(
WαWα¯(uβ), uβ
)
+ 2ni
∑
β
(
T (uβ), uβ
)
+
∑
α,β,γ
(
− Γγα¯αWγ(uβ) + Γ
γ¯
αα¯Wγ¯(uβ)
+Wα¯
(
Γγαβuγ + Γ
γ¯
αβuγ¯
)
+ Γαγ¯γuαβ − Γ
β¯
α¯γ¯uαγ , uβ
)
−
∑
α,β,γ
(
Γβα¯γ¯uαγ , uβ¯
)
= −
∑
α,β
(
Wα(uα¯β + Γ
γ
α¯βuγ), uβ
)
+ 2ni
∑
β
(
T (uβ), uβ
)
+
∑
α,β,γ
(
− Γγα¯αWγ(uβ) + Γ
γ¯
αα¯Wγ¯(uβ) +Wα¯(Γ
γ
αβ)uγ + Γ
γ
αβWα¯(uγ) +Wα¯(Γ
γ¯
αβ)uγ¯ + Γ
γ¯
αβWα¯(uγ¯)
+ Γαγ¯γuαβ − Γ
β¯
α¯γ¯uαγ , uβ
)
−
∑
α,β,γ
(
Γβα¯γ¯uαγ , uβ¯
)
= −
∑
α,β
(
Wα(uα¯β), uβ
)
−
∑
α,β,γ
(
Wα(Γ
γ
α¯β)uγ , uβ
)
−
∑
α,β,γ,ρ
(
Γγα¯βuαγ + Γ
γ
α¯βΓ
ρ
αγuρ + Γ
γ
α¯βΓ
ρ¯
αγuρ¯, uβ
)
+ 2ni
∑
β
(
T (uβ), uβ
)
+
∑
α,β,γ,ρ
(
− Γγα¯α(uγβ + Γ
ρ
γβuρ + Γ
ρ¯
γβuρ¯) + Γ
γ¯
αα¯(uγ¯β + Γ
ρ
γ¯βuρ) +Wα¯(Γ
γ
αβ)uγ
+Wα¯(Γ
γ¯
αβ)uγ¯ + Γ
γ
αβ(uα¯γ + Γ
ρ
α¯γuρ) + Γ
γ¯
αβ(uα¯γ¯ + Γ
ρ
α¯γ¯uρ + Γ
ρ¯
α¯γ¯uρ¯) + Γ
α
γ¯γuαβ − Γ
β¯
α¯γ¯uαγ , uβ
)
−
∑
α,β,γ
(
Γβα¯γ¯uαγ , uβ¯
)
= −
∑
α,β
(
Wα(uα¯β), uβ
)
+ 2ni
∑
β
(
T (uβ), uβ
)
+Σ1 +Σ2 +Σ3, (5.4)
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by using (3.3) repeatedly, where Σ1, Σ2 and Σ3 denote the summation of terms of type (∗uρ, uβ),
(∗uρ¯, uβ) and (∗uab, uc) respectively. We see that
Σ1 =
∑
α,β,γ,ρ
((
Wα¯Γ
ρ
αβ −WαΓ
ρ
α¯β − Γ
γ
α¯βΓ
ρ
αγ + Γ
γ
αβΓ
ρ
α¯γ − Γ
γ
α¯αΓ
ρ
γβ + Γ
γ¯
αα¯Γ
ρ
γ¯β + Γ
γ¯
αβΓ
ρ
α¯γ¯
)
uρ, uβ
)
= (R ρβ α¯αuρ, uβ)− 2ni
∑
β,ρ
(
Γρ0βuρ, uβ
)
, (5.5)
by
R ρβ α¯α =Wα¯Γ
ρ
αβ −WαΓ
ρ
α¯β − Γ
γ
α¯αΓ
ρ
γβ + Γ
γ¯
αα¯Γ
ρ
γ¯β − Γ
γ
α¯βΓ
ρ
αγ + Γ
γ
αβΓ
ρ
α¯γ + Γ
γ¯
αβΓ
ρ
α¯γ¯ + 2niΓ
ρ
0β, (5.6)
by (2.16), Γγ
αβ¯
= 0 in (2.7) and Jα¯α =
∑
α
h(Wα¯, JWα) = i
∑
α
δαα¯ = ni; and
Σ2 = −
i
2
∑
α,β,γ,ρ
(
(Wα¯Q
ρ¯
βα − Γ
γ
α¯βQ
ρ¯
γα − Γ
γ
α¯αQ
ρ¯
βγ + Γ
ρ¯
α¯γ¯Q
γ¯
βα)uρ¯, uβ
)
= −
i
2
∑
α,β,ρ
(Qρ¯βα,α¯uρ¯, uβ) = 0,
(5.7)
by
∑
α,β,ρ
(Qρ¯βα,α¯uρ¯, uβ) =
∫
M Q
ρ¯
βα,α¯uρ¯uβ¯dV = −
∫
M Q
β¯
ρα,α¯uρ¯uβ¯dV = −
∑
α,β,ρ
(Qρ¯βα,α¯uρ¯, uβ) by (2.11);
and
Σ3 =
∑
α,β,γ
(
− Γγα¯βuαγ − Γ
γ
α¯αuγβ + Γ
γ¯
αα¯uγ¯β + Γ
γ
αβuα¯γ + Γ
γ¯
αβuα¯γ¯ + Γ
α
γ¯γuαβ − Γ
β¯
α¯γ¯uαγ , uβ
)
−
∑
α,β,γ
(
Γβα¯γ¯uαγ , uβ¯
)
=
∑
α,β,γ
(
Γγ¯αα¯uγ¯β + Γ
γ
αβuα¯γ , uβ
)
+
∑
α,β,γ
(
Γγ¯αβuα¯γ¯ , uβ
)
−
∑
α,β,γ
(
Γβα¯γ¯uαγ , uβ¯
)
, (5.8)
by using (2.11). We also have
−
∑
α,β
(
Wα(uα¯β), uβ
)
= −
∑
α,β
(
uα¯β,W
∗
αuβ
)
=
∑
α,β
(
uα¯β,Wα¯(uβ)− Γ
α
γ¯γuβ
)
=
∑
α,β
(
uα¯β, uα¯β
)
+
∑
α,β,γ
(
uα¯β,Γ
γ
α¯βuγ − Γ
α
γ¯γuβ
)
=
∑
α,β
(
uα¯β, uα¯β
)
+Σ4,
(5.9)
by Lemma 3.1 and (3.3), where Σ4 =
∑
α,β,γ
(Γβ¯αγ¯uα¯γ − Γ
α¯
γγ¯uα¯β, uβ); and∑
α
(
T (uα), uα
)
−
∑
α,ρ
(
Γρ0αuρ, uα
)
=
∑
α
(u0α, uα). (5.10)
holds by (3.3). Note that the first summation in the right hand side of (5.8) is exactly −Σ4 by
(2.11). Now substituting (5.5)-(5.10) to (5.4), we get
∫
M uαβuα¯β¯dV equals to∑
α,β
(
uα¯β, uα¯β
)
+ 2ni
∑
α
(
u0α, uα
)
−
∑
α,β
(
Rαβ¯uβ, uα
)
−
∑
α,β,ρ
(
Γβ¯αγuα¯γ¯ , uβ
)
−
∑
α,β,ρ
(
Γβα¯γ¯uαγ , uβ¯
)
,
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by using (2.11) for
∑
α,β,γ
(
Γγ¯αβuα¯γ¯ , uβ
)
= −
∑
α,β,ρ
(
Γβ¯αγuα¯γ¯ , uβ
)
and by (2.17) and (4.7) for R ρβ α¯α =
−R ρβ αα¯ = −Rβρ¯αα¯ = −Rαρ¯βα¯ = −R
ρ
α βα¯ = −Rβρ¯. So we get
i
∫
M
u0αuα¯dV =
1
2n
∫
M
(
uαβuα¯β¯ − uαβ¯uα¯β +Rαβ¯uα¯uβ + Γ
β¯
αγuα¯γ¯uβ¯ + Γ
β
α¯γ¯uαγuβ
)
dV,
The sum of this identity and its conjugation gives
i
∫
M
u0α¯uαdV − i
∫
M
u0αuα¯dV
=
1
n
∫
M
(
uαβ¯uα¯β − uαβuα¯β¯ −Rαβ¯uα¯uβ − Γ
β¯
αγuα¯γ¯uβ¯ − Γ
β
α¯γ¯uαγuβ
)
dV. (5.11)
The result follows.
Comparing with the pseudohermitian case (cf. (9.37) in [10]), the integral formula (5.11)
has the extra term
∫
M
(
Γβ¯αγuα¯γ¯uβ¯ + Γ
β
α¯γ¯uαγuβ
)
dV , which is zero by Γβ¯αγ = −
i
2Q
β¯
γα = 0 in the
pseudohermitian case. Note that this extra term is the integral involving second-order covari-
ant derivatives. We can transform them into the integral only involving first-order covariant
derivatives via integration by parts in the following lemma.
Lemma 5.2.∫
M
Γβα¯γ¯uαγuβdV =
∫
M
(
i
2
Qαγ¯β¯,αuγuβ +
1
4
Qρ¯αγQ
ρ
β¯γ¯
uα¯uβ −
1
2
Qρ¯αγQ
γ
β¯ρ¯
uα¯uβ
)
dV. (5.12)
Proof. By (3.3), (3.11) and (3.14), we have∫
M
Γβα¯γ¯uαγuβdV =
i
2
∫
M
Qβγ¯α¯uαγuβdV =
i
2
∫
M
Qβγ¯α¯uγαuβdV
=
i
2
∫
M
(
Wγuα − Γ
ρ
γαuρ +
i
2
Qρ¯αγuρ¯
)
Qβγ¯α¯uβdV
=
i
2
∫
M
(
uα(−Wγ + Γ
γ¯
ρρ¯)(Q
β
γ¯α¯uβ) + E
)
dV
=
i
2
∫
M
(
−Wγ(Q
β
γ¯α¯)uαuβ −Q
β
γ¯α¯uαWγ(uβ) + Γ
γ¯
ρρ¯Q
β
γ¯α¯uαuβ + E
)
dV
=
i
2
∫
M
(
−Wγ(Q
β
γ¯α¯)uαuβ −Q
β
γ¯α¯uα
(
uγβ + Γ
ρ
γβuρ −
i
2
Qρ¯βγuρ¯
)
+ Γγ¯ρρ¯Q
β
γ¯α¯uαuβ + E
)
dV,
where E = −ΓργαQ
β
γ¯α¯uβuρ +
i
2Q
ρ¯
αγQ
β
γ¯α¯uβuρ¯ = Γ
α¯
γρ¯Q
β
γ¯α¯uβuρ +
i
2Q
ρ¯
αγQ
β
γ¯α¯uβuρ¯ by (2.11). By
2Qβγ¯α¯uγβ = Q
β
γ¯α¯uγβ −Q
γ
β¯α¯
uβγ = 0,
by (2.11) and (3.14), it equals to
i
2
∫
M
(
−WγQ
β
γ¯α¯ − Γ
β
γρQ
ρ
γ¯α¯ + Γ
ρ¯
γγ¯Q
β
ρ¯α¯ + Γ
ρ¯
γα¯Q
β
γ¯ρ¯
)
uαuβdV −
1
4
∫
M
(
Qβ¯ργQ
ρ
γ¯α¯ +Q
β¯
ργQ
α
γ¯ρ¯
)
uαuβ¯dV
= −
i
2
∫
M
Qβγ¯α¯,γuαuβdV −
1
4
∫
M
(
Qβ¯ργQ
ρ
γ¯α¯ +Q
β¯
ργQ
α
γ¯ρ¯
)
uαuβ¯dV.
Then (5.12) follows from the last identity, Qργ¯α¯ = Q
α
γ¯ρ¯ −Q
α
ρ¯γ¯ and Q
γ¯
βα = −Q
β¯
γα in (2.11). 
Substituting (5.12) and its conjugation to (5.11), we get (5.1).
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5.2. The proof of (5.2). Note that∫
M
(∆bu)
2dV =
∫
M
(∑
α
uαα¯ + uα¯α
)2
dV =
∫
M
∑
α,β
(uαα¯uββ¯ + uαα¯uβ¯β + uα¯αuββ¯ + uα¯αuβ¯β)dV
=
∫
M
(
2
∣∣∣∣∑
α
uαα¯
∣∣∣∣2 +∑
α,β
(uα¯α + 2ihαα¯u0)uββ¯ +
∑
α,β
(uαα¯ − 2ihαα¯u0)uβ¯β
)
dV
=
∫
M
(
4
∣∣∣∣∑
α
uαα¯
∣∣∣∣2 + 2ni∑
α
(u0uαα¯ − u0uα¯α)
)
dV. (5.13)
On the other hand, we have∫
M
∑
α
u0(uαα¯ − uα¯α)dV =
∑
α
(u0, uα¯α − uαα¯) =
∑
α,γ
(u0,Wα¯(uα)− Γ
γ
α¯αuγ −Wα(uα¯) + Γ
γ¯
αα¯uγ¯)
=
∑
α
(
W ∗α¯u0, uα
)
−
∑
α,γ
(
Γγ¯αα¯u0, uγ
)
−
∑
α
(
W ∗αu0, uα¯
)
+
∑
α,γ
(
Γγα¯αu0, uγ¯
)
= −
∑
α
(
Wα(u0), uα
)
+
∑
α,γ
(
Γα¯γγ¯u0, uα
)
−
(
Γγ¯αα¯u0, uγ
)
+
∑
α
(
Wα¯(u0), uα¯
)
−
∑
α,γ
(
Γαγ¯γu0, uα¯
)
+
(
Γγα¯αu0, uγ¯
)
= −
∑
α
(
Wα(u0), uα
)
+
∑
α
(
Wα¯(u0), uα¯
)
= −
∑
α
(
uα0, uα
)
+
∑
α
(
uα¯0, uα¯
)
= −
∑
α,β
(
u0α +Aαβuβ¯, uα
)
+
∑
α,β
(
u0α¯ +Aα¯β¯uβ, uα¯
)
=
∫
M
∑
α
(
uαu0α¯ − uα¯u0α
)
dV +
∫
M
∑
α,β
(
Aα¯β¯uαuβ −Aαβuα¯uβ¯
)
dV.
Substitute this identity into (5.13) to get∫
M
(
(∆bu)
2 − 4|
∑
α
uαα¯|
2
)
dV =2ni
∑
α,β
∫
M
(
(uαu0α¯ − uα¯u0α) + (Aα¯β¯uαuβ −Aαβuα¯uβ¯)
)
dV,
which is equivalent to (5.2).
6. The Proof of Theorem 1.1
Lemma 6.1. For any u ∈ C∞0 (M), we have∫
M
(
uα(∆bu)α¯ + uα¯(∆bu)α
)
dV = −
∫
M
(∆bu)
2dV.
Proof. By (3.13), (3.6) and Lemma 3.1, we get∫
M
uα¯(∆bu)αdV =
∫
M
Wα(∆bu)uα¯dV = (Wα(∆bu), uα) =
(
∆bu,
(
−Wα¯ + Γ
α
β¯β
)
uα
)
= (∆bu,−Wα¯(uα) + Γ
β
α¯αuβ) = −(∆bu, uα¯α),
by using (3.3). The summation of this identity and its conjugation gives the result. 
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Note that ∫
M
(
∆bf
)
dV = 0,
holds for any f ∈ C∞0 (M). Apply f = ‖∂bu‖
2 ∈ C∞0 (M) to this identity for u ∈ C
∞
0 (M). By
the Bochner-type formula (4.1) and Lemma 6.1, we get
0 =
∫
M
(
uαβuα¯β¯ + uαβ¯uα¯β + 2i(uαu0α¯ − uα¯u0α) + ni(Aα¯β¯uαuβ −Aαβuα¯uβ¯) +Rαβ¯uα¯uβ
−
1
2
(∆bu)
2 +
i
2
Qγ
α¯β¯,γ
uαuβ −
i
2
Qγ¯αβ,γ¯uα¯uβ¯ −
1
4
Qρ¯αγQ
ρ
β¯γ¯
uα¯uβ
)
dV. (6.1)
Apply (5.1) and (5.2) to get
i
∫
M
(uαu0α¯ − uα¯u0α)dV = Ci
∫
M
(uαu0α¯ − uα¯u0α)dV + (1− C)i
∫
M
(uαu0α¯ − uα¯u0α)dV
=
∫
M
(
C
n
uαβ¯uα¯β −
C
n
uαβuα¯β¯ −
C
n
Rαβ¯uα¯uβ
−
C
2n
iQγ
α¯β¯,γ
uαuβ +
C
2n
iQγ¯αβ,γ¯uα¯uβ¯ −
C
2n
Qρ¯αγQ
ρ
β¯γ¯
uα¯uβ +
C
n
Qρ¯αγQ
γ
β¯ρ¯
uα¯uβ
−
2(1− C)
n
∣∣∣∣∑
α
uαα¯
∣∣∣∣2 + 1− C2n (∆bu)2 + (1− C)iAαβuα¯uβ¯ − (1− C)iAα¯β¯uαuβ
)
dV. (6.2)
Substituting (6.2) to (6.1), we get
0 =
∫
M
{(
1 +
2C
n
)
uαβ¯uα¯β +
(
1−
2C
n
)
uαβuα¯β¯ −
4(1 − C)
n
∣∣∣∣∑
α
uαα¯
∣∣∣∣2
+
(
−
1
2
+
1−C
n
)
(∆bu)
2 +
(
1−
2C
n
)
Rαβ¯uα¯uβ + i
(
n− 2(1− C)
)(
Aα¯β¯uαuβ −Aαβuα¯uβ¯
)
+ i
(
1
2
−
C
n
)(
Qγ
α¯β¯,γ
uαuβ −Q
γ¯
αβ,γ¯uα¯uβ¯
)
−
(
1
4
+
C
n
)
Qρ¯αγQ
ρ
β¯γ¯
uα¯uβ +
2C
n
Qρ¯αγQ
γ
β¯ρ¯
uα¯uβ
}
dV.
(6.3)
Let
(
1+ 2Cn
)
1
n −
4(1−C)
n = 0, i.e., C =
3n
4n+2 in (6.3). By using uαβ¯uα¯β =
∑
α,β
|uαβ¯ |
2 ≥ 1n |
∑
α
uαα¯|
2
(cf. p. 489 in [19]), we get
0 ≥
∫
M
2(n − 1)
2n+ 1
uαβuα¯β¯ −
n2 − 1
n(2n+ 1)
(∆bu)
2 +
2(n− 1)
2n+ 1
Rαβ¯uα¯uβ + i
2n2 − 2
2n + 1
(
Aα¯β¯uαuβ −Aαβuα¯uβ¯
)
+
n− 1
2n + 1
i
(
Qγ
α¯β¯,γ
uαuβ −Q
γ¯
αβ,γ¯uα¯uβ¯
)
−
2n+ 7
8n+ 4
Qρ¯αγQ
ρ
β¯γ¯
uα¯uβ +
3
2n + 1
Qρ¯αγQ
γ
β¯ρ¯
uα¯uβ
}
dV
=
∫
M
{
2(n − 1)
2n+ 1
uαβuα¯β¯ +
n2 − 1
n(2n+ 1)
λ1u(∆bu)
+
2(n − 1)
2n+ 1
(
Rαβ¯uα¯uβ + i(n+ 1)
(
Aα¯β¯uαuβ −Aαβuα¯uβ¯
)
+
i
2
(
Qγ
α¯β¯,γ
uαuβ −Q
γ¯
αβ,γ¯uα¯uβ¯
)
−
2n+ 7
8(n − 1)
Qρ¯αγQ
ρ
β¯γ¯
uα¯uβ +
3
2(n − 1)
Qρ¯αγQ
γ
β¯ρ¯
uα¯uβ
)}
dV,
(6.4)
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for ∆bu = −λ1u. We use the following lemma to handle the second term in the right hand side.
Lemma 6.2.
− 2
∫
M
∑
α
|uα|
2dV =
∫
M
u(∆bu)dV.
Proof. By Lemma 3.1 and (3.3), we have∫
M
∑
α
|uα|
2dV =
∑
α
(uα, uα) =
∑
α
(Wαu, uα) =
∑
α
(u,W ∗αuα)
= −
∑
α
(u,Wα¯(uα)) +
∑
α,β
(u,Γαβ¯βuα)
= −
∑
α
(u, uα¯α)−
∑
α,β
(u,Γβα¯αuβ) + (u,Γ
α
β¯βuα) = −
∑
α
(u, uα¯α).
The summation of this identity and its conjugation gives the result. 
Let X = uα¯Wα ∈ T
(1,0)M . If (1.6) holds, by the definition of Ricci tensor, and Tor given by
(2.13) and Q1, Q2, Q3 given by (2.9), we get
Rαβ¯uα¯uβ + i(n+ 1)
(
Aα¯β¯uαuβ −Aαβuα¯uβ¯
)
+
i
2
(
Qγ
α¯β¯,γ
uαuβ −Q
γ¯
αβ,γ¯uα¯uβ¯
)
−
2n+ 7
8(n − 1)
Qρ¯αγQ
ρ
β¯γ¯
uα¯uβ +
3
2(n − 1)
Qρ¯αγQ
γ
β¯ρ¯
uα¯uβ≥κ
∑
α
|uα|
2.
(6.5)
So by Lemma 6.2, (6.4) and (6.5), we get
0 ≥
∫
M
(
−
2(n2 − 1)
n(2n+ 1)
λ1 +
2(n − 1)
2n + 1
κ
)∑
α
|uα|
2dV, (6.6)
i.e. λ1 ≥
κn
n+1 . Theorem 1.2 is proved.
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